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òåìíîþ åíåðãi¹þ.

Ðóõ âèñîêîåíåðãåòè÷íèõ ÷àñòîê ó ãðàâiòàöiéíèõ i ìàãíiòíèõ
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Ãðàâiòàöiéíà åíåðãiÿ i ñïiíîðíi ïîëÿ.
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1. Ãðàâiòàöiÿ ïðèïèíÿ¹ íåçàëåæíó åâîëþöiþ êîìïîíåíò óñiõ
ïîëiâ

∇νF
µν = −4π

c
Jµ,

∇αFβγ +∇βFγα +∇γFαβ = 0,

F = dA, ∂µA
µ = 0 −→ ∇b(∇bAa)− Ra

cA
c = Ja (1)

dF = 0, δF = 0 F = dA A = δH −→ ∆H = 0 (2)

H � Herz bivector (2-form)

∆H = dG + ∗dW , G , W − arbitrary 1− forms (3)

Bromwich-Debay-Whittaker: H −→ 2 harmonic scalars
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RIEMANNIAN SPACE
Penrose R. Zero Rest-Mass Fields Including Gravitation:
Asymptotic Behaviour Proc. R. Soc. London, Series A. 1965 284.
159�203
Cohen J. M., Kegeles L. S. Electromagnetic �eld in curved
spaces: a constructive procedure. Phys. Rev. D. 1974. 10.
1070�1084,
Cohen J. M., Kegeles L. S. Constructive procedure for
perturbations of spacetimes. Phys. Rev. D. 1979. 19. 1641�1664
Chrzanowski P. L. Vector potential and metric perturbations of a
rotating black hole. Phys. Rev. D. 1975. 11, 2042�2062
Wald R. M. Construction of gravitational, electromagnetic, or
other perturbation equations from solutions of decoupled equations.
Phys. Rev. Lett. 1978.
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2. Spinor �eld (and PET)

Shing-Tung-Yau�R.Schoen (1979), E.Witten (1981), P. Sommers
A.Sen (1980�1981: Sen-Witten equation

DABλB +

√
2
4
KλA = 0, (4)

DABλC =
√
2u(A

Ȧ∇B)ȦλC −
1√
2
KABC

DλD (5)

vAȦ = σµ
AȦvµ (6)

Hall, Grisharu, Horowitz-Strominger, Deser, contra J.Goldberg
Nester J. Gauge condition for orthonormal three-frames.
J.Math.Phys. � 1989
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Bartnik R. Mass and 3-metrics of Non-negative Scalar Curvature.�
International Congress of Mathematics, 2002, Vol. III 1-3
(arXiv:math.DG/0304259 v1 18 Apr 2003): Three distinct
approaches have been successfully used to prove the PMT. The
connection between these approachs remains mysterious

New approach for establishing the conditions of zeros absence for
Sen-Witten equation in asymptotically �at manifold: Sommers
transformation allows full decoupling

1

2
√
−h

∂

∂xα

(√
−hhαβ ∂

∂xβ
λA

)
− CA

BλB = 0

V. Pelykh, J. Math Phys. 41 (2000) 5550, V. Pelykh, Phys.Rev.D,
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Department of Physics and Institute of Astronomy,
National Central University, Chungli, Taiwan

Nester James M.
ON SPINOR FIELD ZEROS AND THE EXISTENCE OF SPECIAL
ORTHONORMAL FRAMES

An attempt at proving that the spinor �eld could not have zeros [4]
was not convincing. At the 2003 CPS meeting we presented a
counterexample. Based on this example we claimed,
incorrectly, that zeros were associated with topology.

References: [1] J.M. Nester, J. Math. Phys. 30 (1989) 624.
[2] A. Dimakis and F. Muller-Hoissen, Phys. Lett. A 142 (1989) 73.
[3] V. Pelykh, J. Math Phys. 41 (2000) 5550
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3.QUASILOCALIZATION
HAWKING, PENROSE, YAU, NESTER CONCEPTS OF
QUASILOCALIZATION
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Frauendiener J., Nester J., Szabados L. "Witten spinors on
maximal, conformally �at hypersurfaces", Class. Quantum Grav.
28 (2011)
In the spinorial language, the question is: How to �nd the boundary
conditions for the Witten equation that ensure the existence of a
nowhere vanishing solution on the given domain? The existence of
the global solution of the frame gauge condition could be a very
useful tool in various problems in general relativity.
Ïðèïóùåííÿ: Σ � ìàêñèìàëüíà, êîíôîðìíî�ïëîñêà. Àëå
ðîçâ'ÿçîê Êåððà � íå ìà¹ êîíôîðìíî-ïëîñêèõ øàðóâàíü,
Bowen-York ìåòîä äëÿ ÷èñëîâîãî ìîäåëþâàííÿ çiòêíåííÿ
÷îðíèõ äið Êåððà íåçàñòîñîâíèé!
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4. Íîâå òâiñòîðíå ðiâíÿííÿ i íóëi SWE

DABoC =
1√
2
FABoC , DABιC =

1√
2
WABoC (8)

äå DAB � iíäóêîâàíà íà Σ çâ'ÿçíiñòü Ëåâi�×iâiòà
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The existence of parallel spinor �elds seems to account for much of

the interest in metrics with special holonomy in mathematical

physics, since such spinor �elds play a central role in

supersymmetry. In the case of string theory, SU(3), and lately, with

the advent of M-theory, G2 (and possibly even Spin(7)) seem to be

of interest.

Êiëiíãîâå (ïàðàëåëüíå)ñïiíîðíå ïîëå (Penrose�Walker)

∇Ȧ
(AλB) = 0,

óìîâà iíòåãðîâíîñòi � ïðîñòið òèïó D.
Â R3 óìîâà iíòåãðîâíîñòi � Ricci��at: R3

ab = 0
Óìîâà iíòåãðîâíîñòi ó íàñ:

(2RACBD − R/2εABεCD)oD = εAB
mnDmFnoc (9)

2R(A|C |B)Do
D = εAB

mnDmFnoc (10)

2R(A|C |B)DιD = εAB
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R(A|C |B)D = 0
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The result of our investigations show that mystery, above
mentioned by Nester and Bartnik, is eliminated for all spaces with
typical geometrical properties and �elds with typical physical
properties.
Ó çâ'ÿçêó ç ïîðóøåííÿì òåìíîþ åíåðãi¹þ óìîâè
åíåðãîäîìiíàíòíîñòi ìè äîâîäèìî, ùî íàâiòü ïðè ïîðóøåííi
ñëàáêî¨ åíåðãåòè÷íî¨ óìîâè (µ < 0), Sen�Witten spinor i
Sen�Witten orthonormal frame åêâiâàëåíòíi ó òðèâèìiðíèõ
îáëàñòÿõ, ÿêi çàäîâîëüíÿþòü óìîâè

1
2
K2 +

1
8
KπρKπρ ≥ −µ,R(A|C |B)D = 0,
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àáî îäíî÷àñíî òðè óìîâè

1
2
K2 +

1
8
KπρKπρ ≤ −µ,

1
2
(K2 +

1
8
KπρKπρ + µ)2 − 1

16
[(∂1K)2 + (∂2K)2 + (∂3K)2] ≥ 0,

R(A|C |B)D = 0.
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5. Sequential decoupling of Maxwell equations

Aa = A0la + A1na + A2ma + A3m̄a, (12)

la = oAoA
′
, na = ιAιA

′
, ma = oAιA

′
, ma = ιAoA

′
�

Newman�Penrose tetrad

∇a = naD + la∆− m̄aδ −maδ̄, (13)

where D = la∇a, ∆ = na∇a, δ = ma∇a, δ̄ = m̄a∇a Ricci tensor:

Ra
c = 2(Φ00nanc−Φ01nam̄c+Φ02m̄am̄c−Φ10namc+Φ11nalc−Φ12m̄alc+

Φ20mamc −Φ21malc + Φ22lalc)− 6Λ(lanc + nalc −mam̄c − m̄amc),
(14)
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where 2Φij = Rij −
Rgij

4 , Λ = −R/24. The system is strong coupled

CONDITION OF SEQUENTIAL DECOUPLING:

κ = σ = ρ = τ = ε = α = 0 (15)

Ψ0 = 0, Ψ1 = Dβ, Ψ2 =
1
3
(Dγ−πβ−πτ+(δ̄+β̄)β+Dµ−(δ+π̄+β)π),

(16)

Ψ3 = (δ̄+β̄)γ−βλ, Ψ4 = (∆+µ+µ̄+3γ−γ̄)λ−(δ̄+3α+β̄+π)ν.
(17)
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If condition (??) are ful�lled, space remain algebraically general.

6. Óëüòðàðåëÿòèâiñòñüêà ÷àñòêà iç ñïiíîì ó ñèëüíîìó
ãðàâiòàöiéíîìó ïîëi

Íüþòîíiâñüêà òåîðiÿ òÿæiííÿ: íåÿâíiñòü ó ïðîáíîãî òiëà
âíóòðiøíüîãî êóòîâîãî ìîìåíòó íå âïëèâà¹ íà éîãî ðóõ
âiäíîñíî ìàñèâíîãî òiëà.

Ì. Ìàòiñcîí (1937): ÷åðåç âíóòðiøí¹ îáåðòàííÿ (ñïií) ïðîáíå
òiëî çàçíà¹ äîäàòêîâîãî âïëèâó êðèâèíè ïðîñòîðó-÷àñó,
âíàñëiäîê ÷îãî çìiíþ¹òüñÿ òðà¹êòîðiÿ é îði¹íòàöiÿ ñïiíó.
Çàãàëüíîðåëÿòèâiñòñüêå ðiâíÿííÿ Äiðàêà, ó êëàñè÷íîìó
íàáëèæåííi ïåðåõîäèòü ó ðiâíÿííÿ Ìàòiñîíà.

Ð. Âîëä (R.Wald)âèäiëèâ ãðàâiòàöiéíó ñïií-îðáiòàëüíó òà
ñïií-ñïiíîâó âçà¹ìîäi¨ ïðè àíàëiçi ðóõiâ ÷àñòêè çi ñïiíîì ïðè
v << c .
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Ðiâíÿííÿ Ìàòiñîíà-Ïàïàïåòðó

D

ds

(
muλ + uµ

DSλµ

ds

)
= −1

2
uπSρσRλ

πρσ, (18)

DSµν

ds
+ uµuσ

DSνσ

ds
− uνuσ

DSµσ

ds
= 0, (19)

äå uλ ≡ dxλ/ds ¹ 4-øâèäêiñòþ ÷àñòêè, Sλµ � ¨¨ òåíçîð ñïiíó, m i
D/ds � âiäïîâiäíî ìàñà i êîâàðiàíòíà ïîõiäíà çà âëàñíèì ÷àñîì
÷àñòêè s, Rλ

πρσ � òåíçîð êðèâèíè Ðiìàíà (âèêîðèñòîâó¹òüñÿ
ñèñòåìà îäèíèöü, äå c = G = 1).
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Ïåðåòâîðåííÿ ðiâíÿíü ÌÏ

Â Plyatsko R., Stefanyshyn O., Fenyk M.
Mathisson-Papapetrou-equations in the Schwarzschild and Kerr
backgrounds. Class. Quantum Grav. 2011. 28. 195025 îòðèìàíî
íîâå çîáðàæåííÿ òî÷íèõ ðiâíÿíü Ìàòiñîíà-Ïàïàïåòðó çà óìîâè
Ìàòiñîíà-Ïiðàíi äëÿ ìåòðèêè Êåððà, ÿêå íå ìiñòèòü òðåòiõ
ïîõiäíèõ âiä êîîðäèíàò çà âëàñíèì ÷àñîì ÷àñòêè çi ñïiíîì. Äëÿ
öüîãî âèêîðèñòàíî ÿê âiäîìi iíòåãðàëè ðóõó � åíåðãi¨ òà
ìîìåíòó êiëüêîñòi ðóõó, òàê i íîâå äèôåðåíöiàëüíå
ñïiââiäíîøåííÿ, ùî ¹ íàñëiäêîì öèõ ðiâíÿíü. Ôîðìà öèõ
ðiâíÿíü àäàïòîâàíà äëÿ êîìï'þòåðíîãî iíòåãðóâàííÿ ç ìåòîþ
äîñëiäæåííÿ âïëèâó ñïií-ãðàâiòàöiéíî¨ âçà¹ìîäi¨ íà ïîâåäiíêó
÷àñòêè çi ñïiíîì â ïîëi êåððiâñüêî¨ ÷îðíî¨ äiðè áåç îáìåæåíü íà
¨¨ øâèäêiñòü òà îði¹íòàöiþ ñïiíó.
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Êîíêðåòíi âèïàäêè ðóõiâ

Â Plyatsko R., Fenyk M. Highly relativistic spinning particle in
the Schwarzschild �eld: Circular and other orbits. Phys. Rev. D.
2012 85 104023 äåòàëüíî ïðîàíàëiçîâàíî óìîâè, çà ÿêèõ
óëüòðàðåëÿòèâiñòñüêà ÷àñòêà çi ñïiíîì ìîæå ðóõàòèñü ïî
åêâàòîðiàëüíèõ êîëîâèõ îðáiòàõ íàâêîëî êåððiâñüêî¨ ìàñè.
Äîñëiäæåíî ïðîñòîðîâó îáëàñòü iñíóâàííÿ òàêèõ îðáiò i
çàëåæíiñòü ðåëÿòèâiñòñüêîãî ôàêòîðà Ëîðåíöà âiä ðàäiàëüíî¨
êîîðäèíàòè òà âåëè÷èíè ñïiíó, ùî íåîáõiäíi äëÿ ¨õ ðåàëiçàöi¨.
Ïîêàçàíî, ùî íà âiäìiíó âiä óëüòðàðåëÿòèâiñòñüêèõ êîëîâèõ
îðáiò áåçñïiíîâî¨ ÷àñòêè, âiäïîâiäíà îáëàñòü ¨õ iñíóâàííÿ äëÿ
ñïiíîâî¨ ÷àñòêè ¹ çíà÷íî øèðøîþ. Äåÿêi ç öèõ îðáiò
äåìîíñòðóþòü çíà÷íó ïðèòÿãàëüíó äiþ íà ÷àñòêó
ñïií-ãðàâiòàöiéíî âçà¹ìîäi¨, iíøi ñïðè÷èíåíi çíà÷íèì
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×èñëîâi îöiíêè

Äëÿ åëåêòðîíà â ãðàâiòàöiéíîìó ïîëi ÷îðíî¨ äiðè ç ìàñîþ òðüîõ
ñîíÿ÷íèõ ìàñ íåîáõiäíå çíà÷åííÿ ôàêòîðà Ëîðåíöà äëÿ
ðåàëiçàöi¨ óëüòðàðåëÿòèâiñòñüêèõ êîëîâèõ îðáiò ìà¹ ïîðÿäîê
âåëè÷èíè 108, åíåðãiÿ âiëüíîãî ðóõó åëåêòðîíà ïîðÿäêó 1014 åÂ.
Äëÿ ïðîòîíà âiäïîâiäíà åíåðãiÿ ñòàíîâèòü 1018 åÂ. Äëÿ
ìàñèâíî¨ ÷îðíî¨ äiðè (106 ñîíÿ÷íèõ ìàñ) âiäïîâiäíi çíà÷åííÿ
åíåðãi¨ ìàþòü ïîðÿäîê 1017 åÂ äëÿ åëåêòðîíà i 1021 åÂ äëÿ
ïðîòîíà.
Ïåðåäáà÷à¹òüñÿ äîñëiäæåííÿ çàêîíîìiðíîñòåé
óëüòðàðåëÿòèâiñòñüêî¨ ñïií-ãðàâiòàöiéíî¨ âçà¹ìîäi¨, ñòîñîâíî
îñîáëèâîñòåé ñèíõðîòðîííîãî âèïðîìiíþâàííÿ åëåêòðîíiâ òà
ïðîòîíiâ, êîëè âçà¹ìîäiÿ ¨õ ñïiíiâ ç ãðàâiòàöiéíîì ïîëåì ÷îðíèõ
äið ¹ âèçíà÷àëüíîþ.
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7. Àíàëiç ìîäåëåé àêñiîííî¨ åëåêòðîäèíàìiêè òà íîâi

iíòåãðîâíi ìîäåëi êâàíòîâî¨ ìåõàíiêè äëÿ ÷àñòèíîê, ùî

âçà¹ìîäiþòü ç ïîëÿìè àêñiîííî¨ åëåêòðîäèíàìiêè

Ìîäåëüíèé ëàãðàíæiàí:

L =
1
2
pµp

µ − 1
4
FµνF

µν +
κ

4
θFµν F̃

µν − V (θ). (20)

Òóò Fµν � ïîòåíöiàë-âåêòîð åëåêòðîìàãíiòíîãî ïîëÿ,
F̃µν = 1

2εµνρσF
ρσ, pµ = ∂µθ, θ � ïîòåíöiàë ïñåâäîñêàëÿðíîãî

àêñiîííîãî ïîëÿ, V (θ) � ôóíêöiÿ âiä θ òà κ � áåçðîçìiðíà
êîíñòàíòà.
Âèêîíàíî ãðóïîâó êëàñèôiêàöiþ ìîäåëåé àêñiîííî¨
åëåêòðîäèíàìiêè ç äîâiëüíîþ âçà¹ìîäi¹þ àêñiîííîãî ïîëÿ.
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Âèêîðèñòîâóþ÷è òðèâèìiðíi ïiäàëãåáðè àëãåáðè Ëi ãðóïè
Ïóàíêàðå îòðèìàíî øèðîêèé êëàñ òî÷íèõ ðîçâ'ÿçêiâ äëÿ
åëåêòðîìàãíiòíîãî òà àêñiîííîãî ïîëiâ. Ñåðåä íèõ ¹ îáìåæåíi òà
êâàäðàòè÷íî iíòåãðîâàíi ðîçâ'ÿçêè, ç ôàçîâîþ øâèäêiñòþ, ùî
ïåðåâèùó¹ øâèäêiñòü ñâiòëà.
Çíàéäåíî íîâi iíòåãðîâíi ìîäåëi êâàíòîâî¨ ìåõàíiêè äëÿ
÷àñòèíîê, ùî âçà¹ìîäiþòü ç ïîëÿìè àêñiîííî¨ åëåêòðîäèíàìiêè.
Ïðîâåäåíî êëàñèôiêàöiþ ñóïåðiíòåãðîâàíèõ ìîäåëåé âçà¹ìîäi¨
íåéòðîíiâ iç çîâíiøíiìè ïîëÿìè i ïîáóäîâàíî ðîçâ'ÿçêè äëÿ
ðÿäó òàêèõ ìîäåëåé.
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Ïðåìiÿ iì. Ì.Ì. Êðèëîâà ÍÀÍ Óêðà¨íè (2010)
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Ïðîïîçèöi¨ ìàéáóòíiõ äîñëiäæåíü
Ïðîâåñòè êëàñèôiêàöiþ òà ïîáóäóâàòè òî÷íi ðîçâ'ÿçêè
ñóïåðiíòåãðîâàíèõ êâàíòîâîìåõàíi÷íèõ ìîäåëåé âçà¹ìîäi¨
çàðÿäæåíèõ ÷àñòèíîê, ùî ìàþòü íåòðèâiàëíèé äèïîëüíèé
ìîìåíò, iç çîâíiøíiìè ïîëÿìè (ó òîìó ÷èñëi ç ïîëÿìè àêñiîííî¨
åëåêòðîäèíàìiêè). Òàêi äîñëiäæåííÿ ìîæóòü ìàòè öiêàâi
çàñòîñóâàííÿ ó êîñìîëîãi¨, îñêiëüêè àêñiîíè íàëåæàòü äî
îñíîâíèõ ïðåòåíäåíòiâ íà ðîëü íîñi¨â òåìíî¨ ìàòåði¨, à òàêîæ ó
òåîði¨ òîïîëîãi÷íèõ içîëÿòîðiâ òà ïðîâiäíèêiâ, ùî iíòåíñèâíî
ðîçâèâàåòüñÿ îñòàííiì ÷àñîì.
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